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Abstract
A first-quantized string (and membrane) theory is developed here by using a
general wave function of the string (and membrane), analogously to the first-
quantized quantum theory of a point particle. From the general wave function
of the string (and membrane), the properties of the string (and membrane)
such as its relation to Bosons, Fermions and spacetime are investigated. The
string and membrane wave functions are found to be very useful and we can
deduce Klein-Gordon equation, Dirac equation and the fundamental property
of the spacetime from this new starting point.
PACS number(s): 03.65.-w, 11.25.-w, 03.65.Pm
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During the last twenty years, we witnessed the rapid development [1,2] of superstring
theory which is trying to become a theory of everything. Due to the first and second
revolutions of the superstring, although a lot of miraculous characteristics of the superstring
such as string duality [3,4,5] are found, we still do not know the first law of the superstring.
To describe the string based on the general quantum mechanical postulates, there are two
approaches to investigate the string theory. One is the first-quantized string theory where
the string is firstly regarded as a classical object, and the quantum property of the string is
obtained by using the quantization method. The other is the second-quantized string field
theory where the dynamical variables are regarded as the functional of the string coordinates.
In the present work, we try to develop a first-quantized string (and membrane) theory by
proposing a general wave function of the string (and membrane), analogously to the wave
function of the point particle. The string (and membrane) is regarded as an inner structure
of the membrane (and string) wave function, and is found to be relevant closely to the
properties of bosons, fermions and spacetime. Through the investigation of the differential
equation of the wave functions of membranes and strings, the Klein-Gordon equation for
bosons and Dirac equation for fermions are deduced in a nature way.
It is well known that the wave function of a point particle is Ψ (Xµ) (µ = 1, · · · , N
for a N−dimensional spacetime.). This sort of wave function is generalized to the case of
the multi-component wave function Ψi (X
µ) (i = 1, · · · ,M) which describes the particles
with nonzero spin. In this paper, the wave function description of the point particle is
generalized to develop a general membrane (and string) theory. The wave function of the
membrane is supposed here to be Ψi (X
µ (τ, σ1, · · · , σl)), and this would be the starting
point to describe both bosons and fermions. Here τ and σ1, · · · , σl are real parameters to
show the inner freedom of the membrane. As a special case, the string can be investigated
when two parameters τ and σ are used. Note that, when this sort of wave function of the
membrane is used, the membrane is no more regarded as an entity of the ordinary membrane
theory. In the ordinary first-quantized membrane theory, the membrane is firstly regarded
as a classical oscillating membrane, and the method of quantization is used to reveal the
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quantum character of the membrane. In this paper, we will try to reveal the character
of the membrane and its relation to the spacetime directly from the wave function of the
membrane. This can be regarded as a postulate in the present theory.
Firstly, we will investigate the quantum properties of strings from the string wave func-
tion. Suppose ΨTM = (Ψ1 (X
µ (τ, σ)) , · · · ,ΨM (X
µ (τ, σ))). Here T is a transpose of matrixes.
For this sort of string wave function, we consider here the following general linear second-
order partial differential equation:
Ξ1
∂2ΨM (X
µ (τ, σ))
∂τ 2
+ Ξ2
∂2ΨM (X
µ (τ, σ))
∂σ2
= m2ΨM (X
µ (τ, σ)) , (1)
where Ξ1 and Ξ2 are M ×M matrixes. After a simple calculation, the above equation takes
the form
Ξ1
∂2ΨM
∂Xµ∂Xν
∂Xµ
∂τ
∂Xv
∂τ
+ Ξ2
∂2ΨM
∂Xµ∂Xν
∂Xµ
∂σ
∂Xv
∂σ
+ Ξ1
∂ΨM
∂Xµ
∂2Xµ
∂τ 2
+ Ξ2
∂ΨM
∂Xµ
∂2Xµ
∂σ2
= m2ΨM .
(2)
From the above equation, we have
Ξ1
∂ΨM
∂Xµ
∂2Xµ
∂τ 2
+ Ξ2
∂ΨM
∂Xµ
∂2Xµ
∂σ2
= 0, (3)
and
Ξ1
∂2ΨM
∂Xµ∂Xν
∂Xµ
∂τ
∂Xv
∂τ
+ Ξ2
∂2ΨM
∂Xµ∂Xν
∂Xµ
∂σ
∂Xv
∂σ
= m2ΨM . (4)
To have a nontrivial solution of ΨM and X
µ (τ, σ), from Eq. (3), we have Ξ1 = −Ξ2 and
get the following equation about strings:
∂2Xµ/∂τ 2 − ∂2Xµ/∂σ2 = 0. (5)
It is not difficult to confirm that there is not a nontrivial solution of strings if Ξ1 = Ξ2.
We see that the equation of the string is a nature result when the string wave function is
used to describe the microscopic world. In this situation, the parameters τ and σ of the
string wave function are symmetry breaking. This implies the symmetry breaking of the
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spacetime, i.e., for a N−dimensional spacetime, there should be a one-dimensional time and
(N − 1)−dimensional space.
For Eq. (5), at first, we consider the open string with Neumann boundary condition
X ′µ (τ, σ) |σ=0,pi = 0. Under this boundary condition, the solution becomes:
Xµ (τ, σ) = ξµ0 + ξ
µ
1 τ +
∞∑
n=1
(
ηµn1 cosnτ + η
µ
n2
sin nτ
)
cosnσ. (6)
Note that for a classical string, the parameters ξµ0 , ξ
µ
1 , η
µ
n1
, ηµn2 are determined by the
initial conditions (Xµ (τ = 0, σ) and X ′µ (τ = 0, σ) |σ) of the oscillating string. In the case
of quantum string introduced here, however, there would be a much strong confinement
condition on these parameters through the investigation of Eq. (2), and this confinement
would relevant closely to the properties of the spacetime.
For the oscillating mode n of the open string, Xµn (τ, σ) =
(
ηµn1 cosnτ + η
µ
n2
sinnτ
)
cosnσ.
Substituting it into Eq. (4), we have
Ξ1
∂2ΨM
∂Xµ∂Xν
χµυn = m
2ΨM , (7)
where
χµυn =
(
ηµn1 sinnτ − η
µ
n2
cosnτ
) (
ηvn1 sinnτ − η
v
n2
cosnτ
)
n2 cos2 nσ−
(
ηµn1 cosnτ + η
µ
n2
sinnτ
) (
ηvn1 cosnτ + η
v
n2
sin nτ
)
n2 sin2 nσ. (8)
We see that for ΨM having a nontrivial solution, m must be zero and η
µ
n1
= ηµn2(= η
µ
n) (or
ηµn1 , η
µ
n2
= 0). In this case, for the oscillating mode n, every component of ΨM should satisfy
the following equation:
∂2Ψi
∂Xµ∂Xν
Γµυn = 0, (9)
where Γµυn = η
µ
nη
v
n.
Eq. (9) is the differential equation of Ψi about the spacetime coordinates X
µ. In a sense,
in this equation, the inner freedom of the string is omitted for the time being. However, the
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inner motion of the string will give a strong confinement on the above equation and even
the properties of the spacetime. There are several results we can deduce from the above
equation: (i) Γµυn is a second-rank symmetric tensor. For this sort of symmetric tensor, after
a matrix transformation, it becomes a diagonal matrix which can be regarded as exactly the
metric tensor gµν (gµν = UTΓµυn U with U a transformation matrix) of the spacetime. We see
that the geometry of the spacetime is determined by the oscillating properties of the string
due to the fact that the magnitude of the oscillating string determines the metric tensor of
the spacetime. The invariance of Eq. (9) under Lorentz transformation is very obvious based
on the analysis here. (ii) The mass of this sort of string is zero, even for any oscillating mode
of the string. Thus, Eq. (9) is exactly the well-known Klein-Gordon equation describing
massless bosons. (iii) From Eqs. (4) and (6), when various oscillating modes coexist, it is
not difficult to confirm that the magnitude of various oscillating modes must be identical
and therefore correspond to identical spacetime geometry. If various oscillating modes of the
string are regarded as various type of particles, the researches here show that various type of
particles must experience identical spacetime geometry. A character obtained directly is the
quantization of the magnitude of various oscillating modes. Another implication would be
the pith of the general relativity, i.e., for any type of particles, its motion can be described
by the pure geometry of the spacetime.
In the case of a closed string with the periodicity condition Xµ (τ, σ) = Xµ (τ, σ = pi),
it is straightforward to confirm that the discussions and results of the open string hold also
for the closed string. For both open and closed strings, when the second-order partial differ-
ential equation of the string wave function is used, the spin would be an integer number by
calculating the angular momentum of the string, i.e., ΨM given by Eq. (1) describes mass-
less bosons. In addition, these discussions and results hold too when the general membrane
wave function is investigated.
Now we turn to investigate the first-order partial differential equation of ΨM . In this
situation, we have
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Λ1
∂ΨM
∂Xµ
∂Xµ
∂τ
+ Λ2
∂ΨM
∂Xµ
∂Xµ
∂σ
= mΨM . (10)
To have a solution of ΨM , X
µ should satisfy ∂Xµ/∂τ = const and ∂Xµ/∂σ = const. In this
situation, if the boundary condition of the open or closed strings is used, we have
Xµ (τ, σ) = ξµ0 + ξ
µ
1 τ. (11)
From the above equation, Eq. (10) takes the form
Λµ
∂ΨM
∂Xµ
= mΨM , (12)
where Λµ = Λ1ξ
µ
1 .
From the form of Λµ, we can see clearly the covariant property of the matrixes Λµ. We
know Eq. (12) is the well-known Dirac equation which is used to describe the fermions with
nonzero mass. Note that in the investigation here about fermions, there is in fact a wrong dis-
cussion. The matrix in Eq. (12) is Λµ = Λ1ξ
µ
1 . It is obvious that Λ
µ has only one linear inde-
pendent matrix, while in the Dirac equation, four linear independent matrixes are needed to
show the spin freedom of fermions. To generate four linear independent matrixes, the mem-
brane wave function should be ΨTM = (Ψ1 (X
µ (τ, σ1, σ2, σ3)) , · · · ,ΨM (X
µ (τ, σ1, σ2, σ3))).
In this situation, Xµ (τ, σ1, σ2, σ3) = ξ
µ
0 + ξ
µ
1 τ + ξ
µ
2σ1 + ξ
µ
3σ2 + ξ
µ
4σ3 and Λ
µ = Λ1ξ
µ
1 +Λ2ξ
µ
2+
Λ3ξ
µ
3 + Λ4ξ
µ
4 . For this sort of three-dimensional membrane to exist in the world we live,
the dimensionality of the spacetime must be larger than or equal to four (three-dimensional
space and one-dimensional time). Note that when the case of fermions is discussed, the non-
trivial solution is a nonoscillating string. From the result given by Xµ (τ, σ1, σ2, σ3), there is
not a boundary condition for the membrane. In fact, the size of the membrane can be finite
or even infinite. This will not lead to conceptual difficulty when the membrane is regarded
as an inner structure of the membrane wave function. We know for the wave function of
a point particle, the wave function can be nonzero in the whole world and this does not
lead to any problem. The membrane of the fermions discussed here is a nonoscillating one.
Maybe this would make superstring theorists a little distressed. Nevertheless, the membrane
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can still oscillate in the extra warped space, but not in the macroscopic four-dimensional
spacetime. We see that, on the one hand the finite size of the membrane is necessary to
generate the Dirac equation, and on the other hand this unique characteristic can be used
exactly to overcome the well-known ultraviolet divergences .
In conclusion, the membrane wave function is proposed and used to give an unified
description of bosons and fermions. The general wave function of the membrane (and string)
proposed here is quite different from the wave functional description of the membrane in
the ordinary string field theory, and can be regarded as a first-quantized string theory.
Starting from the membrane wave function, the fundamental property of the spacetime
can be investigated in a concise way. These results show that membrane (and string) is
necessary to describe the world we live, even when the problem of the quantum gravity is
not considered. Of course we do not propose a theory of everything, what we try to argue
here is that it is very useful to regard the membrane as an inner structure of the general
membrane wave function, and expect that this new starting point would be helpful to answer
the question what the membrane is. Obviously, the strength of the superstring and beautiful
mathematics of the warped high-dimensional spacetime developed in the last twenty years
would still play an important role in the theory proposed here. In addition, by investigating
the general membrane wave function, it would be an interesting future work to reconsider
the quantum-mechanical postulates.
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